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A simple analytical expression is presented for hysteretic ac loss Q of a superconducting strip
simultaneously exposed to an ac transport current I0 cosωt and a phase-different ac magnetic field
H0 cos(ωt + θ0). On the basis of Bean’s critical state model, we calculate Q for small current
amplitude I0 ≪ Ic, for small magnetic field amplitude H0 ≪ Ic/2pia, and for arbitrary phase
difference θ0, where Ic is the critical current and 2a is the width of the strip. The resulting expression
for Q = Q(I0,H0, θ0) is a simple biquadratic function of both I0 and H0, and Q becomes maximum
(minimum) when θ0 = 0 or pi (θ0 = pi/2).
PACS numbers: 74.25.Sv, 74.25.Nf, 84.71.Mn, 84.71.Fk
Hysteretic alternating current (ac) loss is one of the
most important parameters of superconducting wires for
electrical power devices. In three-phase ac cables, for
example, electrical wires are simultaneously subjected to
ac transport currents and to phase-different ac magnetic
fields.
High-temperature superconducting wires have strip
geometry, and theoretical expressions for hysteretic ac
losses for a superconducting strip have been derived by
Norris1 for ac transport currents and by Halse2 and
Brandt et al.3 for ac magnetic fields, based on the crit-
ical state model.4 Behavior of a superconducting strip
exposed to both a transport current and an applied mag-
netic field is complicated,5,6,7,8 and the hysteretic ac loss
of a strip simultaneously subjected to ac transport cur-
rent and ac magnetic field with arbitrary phase difference
has not yet been analytically investigated. Here, we de-
rive an analytical expression of the hysteretic ac loss of
a superconducting strip simultaneously exposed to an ac
transport current and a phase-different ac magnetic field.
The superconducting strip that we consider has infinite
length along the z axis, and has a flat rectangular cross
section in which |x| < a and |y| < d/2, where 2a≫ d. For
simplicity, we consider the thin-strip limit of d/2a → 0.
The behavior of such a thin strip is described by a per-
pendicular magnetic field Hy(x) at y = 0 and a sheet
current Kz(x). In the strip, we assume the critical cur-
rent density jc to be uniform and constant as in the Bean
model,4 and the critical current is given by Ic = 2jcad.
The transport current It flows along the z direction
(i.e., longitudinal direction) in the strip, and the mag-
netic field Ha is applied along the y direction (i.e., di-
rection perpendicular to the width of the strip). Both
It(t) and Ha(t) are sinusoidal functions of time t with
identical angular frequency ω, and are given by
It(t) = I0 cosωt, (1)
Ha(t) = H0 cos(ωt+ θ0), (2)
where I0 is the current amplitude, H0 is the magnetic
field amplitude, and θ0 is the phase difference. The hys-
teretic ac loss Q = Q(I0, H0, θ0) of a strip per unit length
per ac cycle is independent of ω, and is a function of I0,
H0, and θ0. To derive a simple analytical expression for
Q, we confine our theoretical calculation to small ac am-
plitudes, I0 ≪ Ic and H0 ≪ Ic/2pia = jcd/pi.
First, we consider a strip carrying a dc transport cur-
rent It = I0 that is monotonically increased from zero.
For I0 ≪ Ic, the current and magnetic field distribu-
tions near the edges at x = ±a play crucial roles. In
the ideal Meissner state we have5,6 Hy(x) = 0 and
Kz(x) = (I0/pi)/
√
a2 − x2 for |x| < a, and Hy(x) =
(I0/2pi)sgn(x)/
√
x2 − a2 for |x| > a. The Hy(x) and
Kz(x) near the edge at x ≃ ±a are reduced to
Hy(x) ≃ ϕ±√|x| − a , Kz(x) ≃
±2ϕ±√
a− |x| , (3)
where
ϕ± = ±I0/2pi
√
2a. (4)
In the critical state model4 the Hy(x) andKz(x) near the
edge at x = +a should satisfy Hy(x) = 0 for x < α0 and
Kz(x) = jcd for α0 < x < a, where α0 is the parameter
for the flux front. The corresponding expressions for x ≃
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a ≃ α0 are1,5,6
Hy(x) ≃


0 for x < α0,
jcd
pi
arctanh
(√
x− α0
a− α0
)
for α0 < x < a,
jcd
pi
arctanh
(√
a− α0
x− α0
)
for x > a.
(5)
Kz(x) ≃


2jcd
pi
arctan
(√
a− α0
α0 − x
)
for x < α0,
jcd for α0 < x < a
(6)
Equation (5) for x > a with α0 → a is reduced to
Hy(x) → (jcd/pi)
√
(a− α0)/(x− a), which must coin-
cide with Hy(x) in Eq. (3). The parameter α0 is, there-
fore, determined by
a− α0 = (pi|ϕ+|/jcd)2. (7)
When a superconducting strip carries an ac transport
current given by Eq. (1), the hysteretic ac loss arising
from the edge at x = +a is calculated from Hy(x) for dc
current by using Eqs. (5) and (7):
Q+ = 4µ0jcd
∫ a
α0
dx(a− x)Hy(x) (8)
≃ (4/3pi)µ0(jcd)2(a− α0)2 (9)
≃ (4pi3/3)µ0|ϕ+|4/(jcd)2. (10)
Calculation of Q− ∝ |ϕ−|4 arising from the edge at x =
−a is similar to that of Q+ ∝ |ϕ+|4, and the total loss
Q = Q+ +Q− is given by
Q ≃ 4
3
pi3µ0
|ϕ+|4 + |ϕ−|4
(jcd)2
. (11)
As seen from Eqs. (3) and (11), the ac loss for small ac
amplitude is directly related to the field distributions in
the ideal Meissner state.9,10 Substitution of Eq. (4) into
Eq. (11) yields
Q ≃ (µ0I2c /6pi) j40 , (12)
where j0 is the reduced current amplitude,
j0 = I0/Ic = I0/2jcad. (13)
Equation (12) corresponds to the theoretical result de-
rived by Norris1 for j0 ≪ 1.
Next we consider a superconducting strip exposed to
a magnetic field Ha = H0, which is monotonically in-
creased from zero. For H0 ≪ Ic/2pia = jcd/pi, the cur-
rent and magnetic field distributions near the edges at
x = ±a play crucial roles. In the ideal Meissner state
we have3,5,6 Hy(x) = 0 and Kz(x) = 2H0x/
√
a2 − x2 for
|x| < a, and Hy(x) = H0|x|/
√
x2 − a2 for |x| > a. The
Hy(x) and Kz(x) near the edge at x ≃ ±a are given by
Eq. (3), where ϕ± is
ϕ± = H0
√
a/2. (14)
Equations (5), (6), and (7) are valid also for a strip
exposed to a magnetic field. When a superconducting
strip is exposed to an ac magnetic field given by Eq. (2),
the hysteretic ac loss is also calculated by substituting
Eq. (14) into Eq. (11). The resulting ac loss of a strip in
an ac magnetic field is given by
Q ≃ (µ0I2c /6pi)h40, (15)
where h0 ≪ 1 is the reduced field amplitude defined by
h0 = 2piaH0/Ic = piH0/jcd. (16)
Equation (15) corresponds to the theoretical result de-
rived by Halse2 for h0 ≪ 1.
Now, let us consider a superconducting strip simul-
taneously exposed to an ac transport current given by
Eq. (1) and an ac magnetic field given by Eq. (2). In the
ideal Meissner state, Kz(x, t) for |x| < a and Hy(x, t) for
|x| > a are given by5,6
Kz(x, t) =
2√
a2 − x2
[
It(t)
2pi
+Ha(t)x
]
, (17)
Hy(x, t) =
sgn(x)√
x2 − a2
[
It(t)
2pi
+Ha(t)x
]
, (18)
respectively. Substitution of Eqs. (1) and (2) into
Eq. (17) yields approximate expressions for Kz and Hy
near the edges of a strip x ≃ ±a, as
Kz(x, t) ≃ ±2ϕ±√
a− |x| cos(ωt+ ϑ±), (19)
Hy(x, t) ≃ ϕ±√|x| − a cos(ωt+ ϑ±), (20)
where |ϕ±| is given by
|ϕ±| = 1
2pi
√
2a
[
I20 + (2piaH0)
2 ± 4piaI0H0 cos θ0
]1/2
.
(21)
Because ϑ± in Eqs. (19) and (20) do not appear in the
following calculations, we do not show the details here
for ϑ±. The hysteretic ac loss of a superconducting strip
simultaneously exposed to an ac transport current given
by Eq. (1) and an ac magnetic field given by Eq. (2)
is obtained by substituting Eq. (21) into Eq. (11). The
resulting expression for the hysteretic ac loss of a super-
conducting strip per unit length per cycle is given by
Q ≃ µ0I
2
c
6pi
[
j40 + h
4
0 + 2j
2
0h
2
0
(
1 + 2 cos2 θ0
)]
. (22)
This simple expression is the main result of the present
paper. We see that Eq. (22) is the generalization of
Eq. (12) for h0 = 0 and Eq. (15) for j0 = 0.
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FIG. 1: Double-logarithmic plots of the hysteretic ac loss Q/µ0I
2
c
for θ0 = 0, as a function of the current amplitude j0 = I0/Ic
and the magnetic field amplitude h0 = piH0/jcd = 2piaH0/Ic: (a) Q vs. j0 for h0 = 0, 0.2, 0.5, and 1, (b) Q vs. h0 for
j0 = 0, 0.2, 0.4, and 0.8, and (c) Q vs. j0 = h0/k for k = 0, 1, 2, and 4. The lines show the analytical results calculated using
Eq. (22), and the symbols show the numerical results calculated using FEM.
Equation (22) has been derived assuming that the crit-
ical sheet-current density jcd is uniform and is indepen-
dent of x (i.e., strips with uniform jc and with rectangular
cross section). When jcd is nonuniform, however, the ac
loss is generally given by
Q ∝ |ϕ+|m + |ϕ−|m
∝ (j20 + h20 + 2j0h0 cos θ0)m/2
+
(
j20 + h
2
0 − 2j0h0 cos θ0
)m/2
, (23)
where the parameter m depends on the behavior of jcd
near the edges of the strips. For example, m = 4
[Eq. (22)] for constant jcd, m = 3 for jcd ∝ (1−|x|/a)1/2
(e.g., strips with uniform jc and with elliptic cross-
section), and m = 4(p + 1)/(2p + 1) for jcd ∝ (1 −
|x|/a)p.11 Equation (23) with m = 3 is similar to the
ac loss of superconducting slabs12,13 and solenoids.14
Figure 1 shows Q for θ0 = 0 as a function of j0 and
h0: (a) Q vs. j0 for fixed h0, (b) Q vs. h0 for fixed j0,
and (c) Q vs. j0 with h0 = kj0 for fixed k = h0/j0.
8 The
lines show analytical results calculated using Eq. (22),
and the symbols show numerical results calculated by
using a finite-element method (FEM) to solve Maxwell
equations.15 As seen in Fig. 1, the range of (j0, h0) in
which Eq. (22) is valid is not restricted to the small-ac
limit, j0 ≪ 1 and h0 ≪ 1. Comparison of the analytical
result from Eq. (22) and the numerical results shown in
Fig. 1 confirms that the relative error of Eq. (22) for
θ0 = 0 is less than 10% when j0 < 0.4 and h0 < 0.4.
Figure 2 shows Q vs. θ0 for fixed j0 and h0. The data
from the FEM numerical calculation agrees well with
Eq. (22) for small (j0, h0) as shown in Fig. 2. As actu-
ally observed in Refs. 13 and 16, the theoretical Q given
by Eqs. (22) and (23) is maximum when θ0 = 0 or pi,
and is minimum when θ0 = pi/2. Note that the exper-
imental Q can be maximum (minimum) when θ0 6= 0
(θ0 6= pi/2), as reported in Refs. 17,18,19. The reason
for the shifts in θ0 for maximum and minimum Q is that
the ac magnetic field was large (i.e., h0 > 1) in those
measurements.17,18,19
In summary, we theoretically investigated the hys-
teretic ac loss of a superconducting strip simultaneously
exposed to an ac transport current [Eq. (1)] and an ac
magnetic field [Eq. (2)]. When jcd is uniform, the ac
loss of a strip of unit length for one ac cycle is given
by Eq. (22), where j0 and h0 are defined by Eqs. (13)
and (16), respectively. When jcd is nonuniform near the
edges of a strip, on the other hand, the ac loss is pro-
portional to the right-hand side of Eq. (23). The simple
analytical result of Eq. (22) was derived here assuming
small ac amplitudes, and we confirmed that the relative
error in Eq. (22) is less than 10% when j0 < 0.4 and
h0 < 0.4.
We thank M. Furuse, K. Develos-Bagarinao, and H.
Yamasaki for stimulating discussions.
FIG. 2: Hysteretic ac loss Q/µ0I
2
c
vs. phase difference θ0
for (j0, h0) = (0.3, 0.1), (0.2, 0.2), and (0.1, 0.25). The lines
show the analytical results calculated using Eq. (22), and the
symbols show the numerical results calculated using FEM.
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